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a b s t r a c t
The main purpose of this paper is to introduce and investigate a new class of generalized
Apostol–Bernoulli polynomials based on a definition given by Natalini and Bernardini
(2003) [22] for the generalized Bernoulli polynomials. We obtain a generalization of the
Srivastava–Pintér addition theorem (Srivastava and Pintér (2004) [23]). We also give a list
of expressions involving special functions that could be used to obtain some analogues of
the Srivastava–Pintér addition theorem. Finally, we give an analogue featuring the new
class of generalized Apostol–Bernoulli polynomials.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The generalized Bernoulli polynomials B(α)n (x) of order α ∈ C and the generalized Euler polynomials E(α)n (x) of order
α ∈ C, each of degree n, as well as in α, are defined, respectively, by the following generating functions (see, [1, vol. 3,
p. 253 et seq.] and [2, Section 2.8]):
t
et − 1
α
· ext =
∞−
k=0
B(α)k (x)
tk
k! (|t| < 2π; 1
α := 1) (1.1)
and 
2
et + 1
α
· ext =
∞−
k=0
E(α)k (x)
tk
k! (|t| < π; 1
α := 1). (1.2)
Numerous interesting and useful properties, and relationships involving these polynomials can be found in many books
and tables (for example, [3,4,1,5,6]) since they have many applications in combinatorics, number theory and numerical
analysis.
Recently, some interesting analogues of the classical Bernoulli polynomials and the classical Euler polynomials have
been investigated. Luo and Srivastava [7,8] introduced the generalized Apostol–Bernoulli polynomials B(α)n (x; λ) of order
α ∈ C (the case α = 1 was investigated first by Apostol [9, Eq. (3.1), p. 165]). In 2006, Luo [10] invented the generalized
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Apostol–Euler polynomials E(α)n (x; λ) of order α ∈ C. Many authors have investigated these polynomials and numerous
very interesting papers can be found in the literature. The reader should read [11–20].
These two sets of polynomials are defined respectively as follows.
Definition 1.1. The generalized Apostol–Bernoulli polynomialsB(α)n (x; λ) of order α are defined by means of the following
generating function:
t
λet − 1
α
· ext =
∞−
k=0
B
(α)
k (x; λ)
tk
k! (|t| < 2π when λ = 1; |t| < | log λ|when λ ≠ 1; 1
α := 1) (1.3)
with
B(α)n (x) = B(α)n (x; 1). (1.4)
Definition 1.2 (Cf. Luo [10]). The generalized Apostol–Euler polynomials E(α)n (x; λ) of order α are defined by means of the
following generating function:
2
λet + 1
α
· ext =
∞−
k=0
E
(α)
k (x; λ)
tk
k! (|t| < | log(−λ)|; 1
α := 1) (1.5)
with
E(α)n (x) = E(α)n (x; 1). (1.6)
Recently, Kurt [21] gave a new generalization of the Bernoulli polynomials of order α in the following form.
Definition 1.3. The generalized Bernoulli polynomials B[m−1,α]n (x),m ∈ N, are defined, in a suitable neighborhood of t = 0,
by means of the generating function tm
et −
m−1∑
l=0
t l
l!

α
· ext =
∞−
k=0
B[m−1,α]k (x)
tk
k! . (1.7)
The case α = 1 was introduced first by Natalini and Bernardini [22]. Form = 1, we obtain the generating function of the
classical Bernoulli polynomials.
Luo and Srivastava, making use of some known formulas and identities involving (1.3) and (1.5), proved an interesting
generalization of the Srivastava–Pintér addition theorem [23, Theorem 1, p. 379] given in Theorem A.
Theorem A (See, [8, Theorem 1, p. 636]). The following relationship:
B(α)n (x+ y; λ) =
n−
k=0

n
k
[
B
(α)
k (y; λ)+
k
2
B
(α−1)
k−1 (y; λ)
]
En−k(x; λ) (α, λ ∈ C; n ∈ N0) (1.8)
holds true between the generalized Apostol–Bernoulli polynomials and the Apostol–Euler polynomials.
In this paper, we propose a generalization of the Apostol–Bernoulli polynomials, we give some properties involving them,
we also give an extension of the Srivastava–Pintér theorem. A table containing interesting expressions that could be used to
derive several analogues of the Srivastava–Pintér addition theorem is included. An example of such an analogue is provided.
2. Generalization of Apostol–Bernoulli polynomials
The following definition provides a natural generalization and unification of the Apostol–Bernoulli polynomials
B
(α)
n (x; λ) of order α ∈ C and of the generalized Bernoulli polynomials B[m−1,α]n (x),m ∈ N, of order α ∈ C introduced
by Kurt [21].
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Definition 2.1. For arbitrary real or complex parameters α and λ, the generalized Apostol–Bernoulli polynomials
B[m−1,α]n (x; λ),m ∈ N, are defined, in a suitable neighborhood of t = 0, with |t + log λ| < 2π by means of the generating
function tm
λet −
m−1∑
l=0
t l
l!

α
· ext =
∞−
k=0
B
[m−1,α]
k (x; λ)
tk
k! . (2.1)
It easy to see that if we setm = 1 in (2.1), we arrive at
t
λet − 1
α
· ext =
∞−
k=0
B
[0,α]
k (x; λ)
tk
k! . (2.2)
This is the generating function for the generalized Apostol–Bernoulli polynomials of order α. Thus we have:
B[0,α]n (x; λ) = B(α)n (x; λ). (2.3)
Obviously, when λ = 1 in (2.1), we obtain (1.7). Moreover, ifm = 1 and α = 1, we obtain
B[0,1]n (x; 1) = Bn(x) (2.4)
where Bn(x) are the classical Bernoulli polynomials.
The generalized Apostol–Bernoulli polynomials B[m−1,α]n (x; λ) defined by (2.1) possess the following interesting
properties that will be useful in the sequel. These are stated as Theorems 1 and 2.
Theorem 1. The generalized Apostol–Bernoulli polynomialsB[m−1,α]n (x; λ) satisfy the following relations:
B[m−1,α+β]n (x+ y; λ) =
n−
k=0

n
k

B
[m−1,α]
k (x; λ)B[m−1,β]n−k (y; λ), (2.5)
B[m−1,α]n (x+ y; λ) =
n−
k=0

n
k

B
[m−1,α]
k (x; λ)yn−k. (2.6)
Proof. By comparing the coefficients of t
n
n! in the both sides of the above equation, we arrive at (2.5). Proof of (2.6) is similar
to that of (2.5), so it is omitted. 
Theorem 2. The generalized Apostol–Bernoulli polynomialsB[m−1,α]n (x; λ) satisfy the following relation:
λB[m−1,α]n (x+ 1; λ)−B[m−1,α]n (x; λ) = n
n−1
k=0

n− 1
k

B
[m−1,α]
k (x; λ)B(−1)n−1−k(0; λ) (2.7)
whereB(−1)n−1−k(0; λ) are the generalized Apostol–Bernoulli polynomials defined by (1.3).
Proof. Considering the expression λB[m−1,α]n (x+ 1; λ)−B[m−1,α]n (x; λ) and using the generating functions (1.3), (2.1) and
(2.7) follows easily. 
Remark 2.1. Settingm = 1 in (2.7) and with the help of (2.3), we find
λB(α)n (x+ 1; λ)−B(α)n (x; λ) = n
n−1
k=0

n− 1
k

B
(α)
k (x; λ)B(−1)n−1−k(0; λ). (2.8)
Using the well known result (see, [8])
B(α+β)n (x+ y; λ) =
n−
k=0

n
k

B
(α)
k (x; λ)B(β)n−k(y; λ), (2.9)
(2.8) becomes the familiar relation for the generalized Apostol–Bernoulli polynomials (see, [8])
λB(α)n (x+ 1; λ)−B(α)n (x; λ) = nB(α−1)n−1 (x; λ). (2.10)
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Table 1
xn expressed in terms of sums of special polynomials or numbers.
No. Special polynomials or numbers Series representation for xn
1 Hermite polynomials [24, p. 194, (4)] xn = n!2n
∑[n/2]
k=0
Hn−2k(x)
k!(n−2k)!
2 Legendre polynomials [24, p. 181, Theorem 65] xn = n!2n
∑[n/2]
k=0
(2n−4k+1)Pn−2k(x)
k!

3
2

n−k
3 Generalized Laguerre polynomials [24, p. 207, (2)] xn = n!(1+ α)n∑nk=0 (−1)kLαk (x)(1+α)k(n−k)!
4 Gegenbauer polynomials [24, p. 283, (36)] xn = n!2n
∑[n/2]
k=0
(ν+n−2k)Cνn−2k(x)
k!(ν)n+1−k
5 Stirling numbers of the second kind [4, p. 207, Theorem B] xn =∑nk=0 xk

k!S(n, k)
6 Bernoulli polynomials [6, p. 26] xn = 1n+1
∑n
k=0

n+ 1
k

Bk(x)
7 Euler polynomials [6, p. 30] xn = 12
[
En(x)+∑nk=0 nk

Ek(x)
]
8 Apostol–Bernoulli polynomials [8, p. 634, (29)] xn = 1n+1
[
λ
∑n+1
k=0

n+ 1
k

Bk(x; λ)−Bn+1(x; λ)
]
9 Apostol–Euler polynomials [8, p. 635, (32)] xn = 12
[
λ
∑n
k=0

n
k

Ek(x; λ)+ En(x; λ)
]
10 Generalized Apostol–Euler polynomials [25, p. 1325, (2.4)] xn = 1
2β
∑∞
k=0

β
k

λkE
(β)
n (x+ k; λ), β ∈ C
11 Generalized Bernoulli polynomials and Stirling numbers [25, p. 1329, (2.16)] xn =∑nl=0 nl

l+ j
j
−1
S(l+ j, j)B(j)n−l(x), j ∈ N0
12 Generalized Apostol–Bernoulli polynomials
and generalized Stirling numbers [25, p. 1329, (2.15)] xn = n!∑nl=−j j!(l+j)!(n−l)! S(l+ j, j; λ)B(j)n−l(x; λ), j ∈ N0
13 Generalized Bernoulli polynomials [22, p. 158, (2.6)] xn =∑nk=0 nk

k!
(k+m)! B
[m−1]
n−k (x),m ∈ N
3. Some generalizations of the analogues of the Srivastava–Pintér addition theorem
In this section, we give a generalization of the Srivastava–Pintér addition theorem and an analogue. We also give, in
Table 1, a list of series representation involving either some special functions or the Stirling numbers of the second kind for
xn useful to deriving some analogues of the Srivastava–Pintér addition theorem.
Theorem 3. The following relationship:
B[m−1,α]n (x+ y; λ) =
n−
k=0

n
k

B
[m−1,α]
k (y; λ)+
k
2
k−1
j=0

k− 1
j

B
[m−1,α]
j (y; λ)B(−1)k−1−j(0; λ)

En−k(x; λ)
(α, λ ∈ C; n ∈ N0) (3.1)
holds between the new class of generalized Apostol–Bernoulli polynomials and the Apostol–Euler polynomials.
Proof. First of all, if we substitute the entry (9) for xn from Table 1 into the right-hand side of (2.6), we get
B[m−1,α]n (x+ y; λ) =
1
2
n−
k=0

n
k

B
[m−1,α]
k (y; λ)

En−k(x; λ)+ λ
n−k
j=0

n− k
j

Ej(x; λ)

= 1
2
n−
k=0

n
k

B
[m−1,α]
k (y; λ)En−k(x; λ)+
λ
2
n−
k=0

n
k

B
[m−1,α]
k (y; λ)
n−k
j=0

n− k
j

Ej(x; λ), (3.2)
which, upon inverting the order of summation and using the following elementary combinatorial identity:
m
l

l
n

=

m
n

m− n
m− l

(m ≥ l ≥ n; l,m, n ∈ N0), (3.3)
yields
B[m−1,α]n (x+ y; λ) =
1
2
n−
k=0

n
k

B
[m−1,α]
k (y; λ)En−k(x; λ)+
λ
2
×
n−
j=0

n
n− j

Ej(x; λ)
n−j−
k=0

n− j
k

B
[m−1,α]
k (y; λ). (3.4)
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The innermost sum in (3.4) can be calculated with the help of (2.6) with, of course,
x = 1 and n → n− j (0 ≤ j ≤ n; n, j ∈ N0).
We thus find from (3.4) that
B[m−1,α]n (x+ y; λ) =
1
2
n−
k=0

n
k

B
[m−1,α]
k (y; λ)En−k(x; λ)+
λ
2
n−
j=0

n
n− j

B
[m−1,α]
n−j (y+ 1; λ)Ej(x; λ)
= 1
2
n−
k=0

n
k
 
B
[m−1,α]
k (y; λ)+ λB[m−1,α]k (y+ 1; λ)

En−k(x; λ) (3.5)
which, with the relation (2.7), leads us to the relationship (3.1) asserted by Theorem 3. 
Remark 3.1. Putting m = 1 in Theorem 3 and making use of Remark 2.1, we obtain Theorem A. Furthermore, if we set
λ = 1, we obtain the Srivastava–Pintér addition theorem [23].
Natalini and Bernardini [22, p. 158, (2.6)] obtained an expression for xn in terms of the Bernoulli polynomials defined by
(1.7). Explicitly, they found
xn =
n−
k=0

n
k

k!
(k+m)!B
[m−1]
n−k (x) (m ∈ N). (3.6)
We thus have the following analogue of the Srivastava–Pintér addition theorem.
Theorem 4. The following relationship:
B[m−1,α]n (x+ y; λ) =
n−
k=0

n
k

B
[m−1,α]
k (y; λ)
n−k
j=0

n− k
j

j!
(j+m)!B
[m−1]
n−k−j(x) (3.7)
holds between the new class of generalized Apostol–Bernoulli polynomials and the Bernoulli polynomials defined by (1.7).
Proof. From addition theorem (2.6) and (3.6). 
Finally, it is easy to see that for any polynomials set Pn(x) that possesses an addition theorem of the form
Pn(x+ y) =
n−
k=0
A(n, k)Pk(y)xn−k (3.8)
where A(n, k) is a constant depending on n and k, in conjunction with one of the expressions contained in Table 1,
provides interesting relationships between different sets of polynomials. It could be interesting to consider others series
representation involving some special functions for xn.
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